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QR

for 𝑖 = 1…min(𝑚, 𝑛)
• 𝑣. = ℎ𝑜𝑢𝑠𝑒(𝐴(𝑖:𝑚, 𝑖))

• 𝐴(𝑖:𝑚, 𝑖: 𝑛) = 𝐼 − 𝑣.𝑣.8 𝐴 𝑖:𝑚, 𝑖: 𝑛

𝑹𝒊;𝟏

𝑨𝒊 = 𝑨𝒊;𝟏 − 𝒗𝒊𝒗𝒊8𝑨𝒊;𝟏

𝒗𝒊 = 𝒉𝒐𝒖𝒔𝒆(𝒂𝒊) 𝑨𝒊;𝟏
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for 𝑖 = 1…min(𝑚, 𝑛)
• 𝑣. = ℎ𝑜𝑢𝑠𝑒(𝐴(𝑖:𝑚, 𝑖))

• 𝐴(𝑖:𝑚, 𝑖: 𝑛) = 𝐼 − 𝑣.𝑣.8 𝐴 𝑖:𝑚, 𝑖: 𝑛



Low-rank approximations

• We know the SVD
𝐴 = 𝑈𝑆𝑉 ≈ 𝑈IΣI𝑉I, ||𝐴 − 𝑈IΣI𝑉I||L = 𝜎INO(𝐴)

• If we add column pivoting to QR, we can do “almost” the same
𝐴𝑃 = 𝑄𝑅

𝑄8𝐴𝑃 =
𝑅OO 𝑅OL

𝑅LL
If ||𝑅LL||L is small then

𝐴 ≈ 𝑄O 𝑅OO 𝑅OL 𝑃8 = 𝑄O𝑊

Low-rank

(+) Cheaper than SVD (direct - not ”iterative”)
(-) Less reliable
(+) In practice good enough



QRCP

“Classical algorithm” 
(Golub & Van Loan, 
Algorithm 5.4.1)

1. Pivot largest column in front 𝝉, column norms

Max
𝑹𝒊;𝟏

𝑨𝒊;𝟏

Golub, Gene H., and Charles F. Van Loan. 
Matrix computations. 4th edition. JHU press, 2013.
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“Classical algorithm” 
(Golub & Van Loan, 
Algorithm 5.4.1)

𝝉, column norms

𝑹𝒊;𝟏

𝑨𝒊;𝟏𝑨𝒊 = 𝑨𝒊;𝟏 − 𝒗𝒊𝒗𝒊8𝑨𝒊;𝟏

𝒗𝒊 = 𝒉𝒐𝒖𝒔𝒆(𝒂𝒊)

2. Usual QR step

Golub, Gene H., and Charles F. Van Loan. 
Matrix computations. 4th edition. JHU press, 2013.



QRCP

“Classical algorithm” 
(Golub & Van Loan, 
Algorithm 5.4.1)

𝝉𝒋 = 𝝉𝒋 − 𝑨𝒊 𝒊, 𝒋 𝟐

𝑹𝒊

𝑨𝒊

𝝉, column norms3. Update column norms

Golub, Gene H., and Charles F. Van Loan. 
Matrix computations. 4th edition. JHU press, 2013.



QRCP

Pivot max in front

Usual QR step

Update norms

Golub, Gene H., and Charles F. Van Loan. 
Matrix computations. 4th edition. JHU press, 2013.

geqpf in Lapack



QRCP

• Very reliable in practice to reveal the rank (not guaranteed!)
• Previous algorithm not blocked (BLAS2 - geqpf)
• In practice algorithm can be blocked (BLAS3 - geqp3)

• Issue:
1. Very sequential: Need step < j for step j.
2. Small “blocks”: 1 column at a time.
3. Pivoting: Hard in parallel.



Column pivoting ≈ Range finding

Pivoting ≈ range approximation 
(of trailing matrix)

range( ) ≈ ( )



Randomized range approximation
Ω i.i.d. Gaussian, size n × 𝑏

𝐵 = 𝐴Ω
𝑄 = qr(𝐵) (random), orthogonal s.t.

range 𝐴 ≈ range 𝑄

Halko, Nathan, Per-Gunnar Martinsson, and Joel A. Tropp. 
"Finding structure with randomness: Probabilistic algorithms for constructing approximate matrix decompositions." SIAM review 53.2 (2011): 217-288.

𝐴 Ω𝐵 = 𝑄range( ) ≈ 𝑟𝑎𝑛𝑔𝑒( )𝐴

𝑄=𝐵

1.

2.

3.



Randomization is “good enough”

High probability w/ p

Small poly(k), decay w/ p

“Spectral” accuracy

Halko, Nathan, Per-Gunnar Martinsson, and Joel A. Tropp. 
"Finding structure with randomness: Probabilistic algorithms for constructing approximate matrix decompositions." SIAM review 53.2 (2011): 217-288.

Expectation

With high 
probability



(1) QR w/ randomized block pivoting

Xiao, Jianwei, Ming Gu, and Julien Langou. "Fast parallel randomized QR with column pivoting algorithms for reliable low-rank matrix approximations." 
2017 IEEE 24th International Conference on High Performance Computing (HiPC). IEEE, 2017.

𝐴.;OΩ 𝐵.;O

1. Compute Ω random and

=

2. Pick a set of pivots by running QRCP on 𝐵.;O

𝐵.;O𝑃 = 𝑄.𝑅.

Bring first 𝒌 columns in front k Largest

3. Block QR step

𝑹𝒊;𝟏

𝑨𝒊;𝟏



(1) QR w/ randomized block pivoting

Xiao, Jianwei, Ming Gu, and Julien Langou. "Fast parallel randomized QR with column pivoting algorithms for reliable low-rank matrix approximations." 
2017 IEEE 24th International Conference on High Performance Computing (HiPC). IEEE, 2017.

𝐴.;OΩ 𝐵.;O

1. Compute Ω random and

=

3. Block QR step

Still lots of pivoting and shuffle. Hard to parallelize.

2. Pick a set of pivot by running QRCP on 𝐵.;O

𝐵.;O𝑃 = 𝑄.𝑅.

Bring first 𝒌 columns in front k Largest

𝑹𝒊

𝑨𝒊



(2) Randomized range approximation

We don’t really care about R…
Build 𝑛 × 𝑘 Gaussian Ω
Form 𝑌 = 𝐴Ω
Compute 𝑄 = 𝑞𝑟 𝑌
Set 𝐴 ≈ 𝑄𝑊 with 𝑊 = 𝑄8𝐴

Low-rank



(2) Blocked, adaptive, randomized range approx.
1. Compute 𝐴g = 𝐴Ω

𝐴 Ω𝐴g =

range 𝐴g ≈ range(𝐴)

3. QR on 𝐴g

𝑄.=𝐴gN

range 𝑄. = range 𝐴gN

= 𝑟𝑎𝑛𝑔𝑒 𝐼 − h𝑄.;O h𝑄.;O8 𝐴g
≈ 𝑟𝑎𝑛𝑔𝑒 𝐼 − h𝑄.;O h𝑄.;O8 𝐴

* Stability ! HH or MGS.

2. Project* out all previous 𝑄.’s

𝐴gN ← 𝐴g h𝑄.;O h𝑄.;O
8

⊤

𝐴g−

𝐴gN ← 𝐴g − h𝑄.;O h𝑄.;O8 𝐴g

4. Repeat
h𝑄. = 𝑄. h𝑄.;O



(2) Blocked, adaptive, randomized range approx.

𝑃k 𝑃O

𝑃L 𝑃l

𝑃k 𝑃O

𝑃L 𝑃l

𝑃k 𝑃O

𝑃L 𝑃l

𝑃k 𝑃O

𝑃L 𝑃l

𝑃k 𝑃O

𝑃L 𝑃l

𝑃k 𝑃O

𝑃L 𝑃l

𝑃k 𝑃O

𝑃L 𝑃l

𝑃k 𝑃O

𝑃L 𝑃l

𝑃k 𝑃O

𝑃L 𝑃l

𝐴

Main operations:
• 𝐵 = 𝐴Ω Matrix-matrix. Very parallel.
• 𝐵 = 𝑄𝑅 Block QR, cheap if 𝑘 not too large
• 𝐴N = 𝐴 − 𝑄𝑄8𝐴 Sequential per column (HH)

All columns independent
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