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Problem and Motivation

• Ax = b, A is sparse and (typically) from PDE’s
• Generic and algebraic (ε only) and scalable (multilevels, O(N log N))
• Direct methods: too expensive 
• Preconditioner: custom and sometimes hard to generalize



Sparse Linear Systems (1)



Sparse Linear Systems (2)



Sparse Linear Systems (3)



Sparse Linear Systems (4)



Nested Dissection

Too much fill-in!

Factoring 𝑛" = 𝑁
%
&

takes 𝑂(𝑁")



Nested Dissection
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Sparsification

SVDs of 𝐴./



Sparsification

Low-Rank 
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All together: spaND (1)



All together: spaND (2)



All together: spaND (3)
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All together: spaND (4)



All together: spaND (5)
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All together: spaND (6)



For level k = 1, …, L
• Eliminate interiors (LLT, LDLT, PLU, PLUQ)

• Scale interfaces (LLT, LDLT, PLU, PLUQ)

• Sparsify interfaces (RRQR)

• Merge clusters

General spaND
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Stability
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SPE10
(3D ∇ ⋅ (𝑎 𝑥 ∇𝑢) Poisson-like, SPD)
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Direct Sparse Cholesky



Stability

All >50k SPD problems from SuiteSparse, except 2 that didn’t converge in <500

Black = spaND
Red, white = spaND variants



Advection Diffusion
(3D FD 𝑎Δ𝑢 + 𝑏∇𝑢 = 𝑓, Dirichlet, 𝑎 = 10+", 𝑏 = 1, Unsymmetric)



Advection Diffusion
(3D FD 𝑎Δ𝑢 + 𝑏∇𝑢 = 𝑓, Dirichlet, 𝑎 = 10+", 𝑏 = 1, Unsymmetric)



Fault Problems

𝐾 ≻ 0

0𝐶

𝐶>

- Fault sparsified when neighbors eliminated
- Fault eliminated last

With Bazyli Klockiewicz



Fault Sparsification
Before sparsification After sparsification

Visualization from Tanay Sonthalia



Fault Sparsification
Diagonal of RRQR’s R for all blocks



Isotropic Fracture Problems
(3D FE, 1 fault, symmetric, not SPD, many singular blocks)

With Bazyli Klockiewicz
ILU = ILU(20, 10-3) + S_LSC
spaND = 0.05 RRQR + near kernel approx.



Isotropic Fracture Problems
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Anisotropic Fracture Problems
(3D FE, 1 fault, symmetric, anisotropic 1/5/10, not SPD, many singular blocks)

With Bazyli Klockiewicz
ILU = ILU(20, 10-3) + S_LSC
spaND = 0.05 RRQR + near kernel approx
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Conclusions and Future Work

• General algebraic algorithm, works on large class of problems
• Future work
• O(N log N) down to O(N) algorithm

• Potentially faster
• More scalable

• Parallel task-based version with TaskTorrent 
(https://github.com/leopoldcambier/tasktorrent) runtime

https://github.com/leopoldcambier/tasktorrent
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